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Abstract 

Dynamic differential scanning calorimetry (d-DSC) has attracted much attention, and it was 
postulated that high-precision heat capacity measurements can be made by this technique. However, 
its applicability, accuracy and precision have not yet been made clear. Because it is based on 
Fourier transformation, it can be applied to linear thermal responses. The dynamic steady state 
and the base line, from which the heat capacity is estimated, demonstrate a linear response in DSC, 
so that the dynamic steady state has been theoretically considered by analytical methods, and 
analytical solutions have been derived for the dynamic steady state and hence for the heat 
capacity measurement. For further examination, numerical solutions have also been obtained by 
taking account of other factors, which may potentially influence the measurements. In con- 
clusion, a few points should be considered in the high-accuracy heat capacity measurements, 
because some factors, which have not been considered before, affect the dynamic steady state or 
the base line. Furthermore comparison has been made between d-DSC and conventional DSC in 
this research. 

Keywords: DSC base line; Dynamic DSC (temperature modulated DSC); Heat capacity 
measurement 

1. Introduction 

In convent ional  heat flux differential scanning calorimeter (hf-DSC), a sample and 
thermally inert reference material, such as a lpha-alumina or  an empty pan, are heated 
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or cooled at a constant rate, and the temperature difference between them is recorded 
against the time or temperature. Transformation of the sample can be detected as 
a peak in the record. In dynamic differential scanning calorimetry (d-DSC), tempera- 
ture oscillation is superposed on this constant rate heating in hf-DSC. Thermal 
response in the form of temperature difference is separated into out-of-phase response 
and in-phase response by Fourier transformation, and the out-of-phase response is 
asserted to be the non-reversible change in the sample, while the in-phase response is 
thought to be the reversible or equilibrium change [1, 2]. Since its publication [1,2], 
this technique has attracted much attention because something new is seen in d-DSC 
curves. However a thorough examination of this new technique has not yet been made 
and this is necessary before its full potential is established. 

Linearity in the thermal response is implicitly assumed in the separation of the 
in-phase response from the out-of-phase response, because Fourier transformation is 
applied. But this is not clearcut. The present authors have elucidated that in DSC, both 
hf-DSC and power compensation DSC, there are linear responses, such as the steady 
state, i.e., the base line, and non-linear responses, such as the sample transformation 
behavior, i.e., the peak shape [3, 4]. It was also made clear that the sample temperature 
can be assumed constant during the transition [3, 4]. Therefore, a simple mathematical 
treatment can be applied to the dynamic steady state and an analytical solution can be 
obtained, although it cannot be applied to non-linear responses. Analytical and 
numerical solutions are described and heat capacity measurements by d-DSC are 
theoretically considered in this report. 

It was postulated [5, 6] that heat capacity measurement can be made more precisely 
by d-DSC than by conventional hf-DSC [7], but the conclusion of the present 
theoretical considerations is not so optimistic. There are a few points to be taken into 
account in order to make accurate heat capacity measurements by d-DSC and 
a marked advantage of d-DSC over conventional DSC has not been found for heat 
capacity measurements. 

2. Model and fundamental equations 

In 1949, Void published an excellent paper on the theoretical considerations of 
differential thermal analysis (DTA) [8]. Because hf-DSC is a variety of DTA, her theory 
can be used in the present considerations. However, other factors should be taken into 
account. They are the heat capacity of the heat paths from the heat source to the sample 
and from the heat source to the reference material, because heat capacity has a role in 
shifting the phase of oscillation. 

Thus two equations are derived for heat flow from the source to the midpoint of the 
heat path, and for heat flow from the midpoint to the sample. The heat capacity of the 
heat path material is distributed along the path, but in the simple equation below it is 
concentrated at the midpoint for simplicity, as follows 

Cf~d T f J d t  = K ( T f  - Tf~) + K(T~ -- Tf~) (1) 

C~d T J d t  + A H d x / d t  = K(Tf~ - T~) + k ( T  o - T~) + h(T~ -- ~ )  (2) 
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where C, T, t, AH and dx/dt are the heat capacity, temperature, time, heat of sample 
transformation and its rate, respectively. The subscripts s, f, fs and o denote the sample, 
heat source, midpoint between the sample and heat source, and the environment, 
respectively; an K, k and h are the heat transfer coefficients between the indicated 
temperatures. 

Similarly for the reference material 

C ~ d  T,r/d t = K ( ~  - T,r ) + / < ( ~  - ~r) (3) 

C , d  T J d t  --- K ( T f r  - T~) + k ( T  o - T~) + h(T ,  - T~) (4) 

where the subscripts r and fr are the reference material and the midpoint between the 
reference material and the heat source. 

The above equations can be expressed as an equivalent electrical circuit, as shown in 
Fig. l, in which the mutual heat exchange between the sample and the reference 
material is not shown. In one commercial apparatus, this heat exchange does not occur, 
because the sample and the reference material are connected not directly but through 
the common heat source, while in another commercial apparatus it does exist due to 
a direct connection. 

Before solving these equations, we should make clear the other assumptions 
implicitly included in the equations and the equivalent circuit. 

First, the heat transfer coefficients are common for the sample side and the reference 
material side. It is implicitly assumed that the apparatus is made symmetrically, and 
that the sample and reference material are set in the same surroundings. 

Second, the temperature distributions within the sample and reference material are 
neglected, and this does not deviate much from the real temperature distribution in 
hf-DSC for micro-amounts of sample, as discussed in our previous papers [3, 4]. 

Third, it is assumed that the heat transfers only by conduction, because it is 
proportional to the temperature difference between the sources and the sinks in the 
above four equations. In other words, convection and radiation should be negligibly 
small in the apparatus. This assumption is thought to be real in hf-DSC because of the 
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Fig. 1. Equivalent circuit of hf-DSC. 
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following facts. In DTA, the temperature difference measured is the difference between 
the temperature gradient from the heat source to the sample and that to the reference 
material, because the temperature distribution in the heat source is small. Especially in 
hf-DSC, the gradients measured are those occuring outside the sample and reference 
material. If the heat flows only by conduction, the gradients are proportional to the 
heat fluxes. Thus, the peak area is proportional to the heat of sample transformation, 
and in hf-DSC the proportionality coefficient is not dependent on the sample but is 
a characteristic of the apparatus [9]. This proportionality in hf-DSC is evidence for the 
fact that the heat flows only by conduction. 

In d-DSC the heat source temperature changes at a constant rate, ~b, with oscillation 
of the amplitude, Af, and frequency, to. 

Therefore 

Tf = T b + ~bt + Afexp(i tot) (5) 

where T b and i are the initial temperature and the unit of an imaginary number, 
respectively and exp (ix) equals (cos x + i sinx) (Euler's formula). Because the tempera- 
tures of the sample and the reference material follow the above temperature change 
with time lags and phase shifts in the steady state (AH = 0) 

T s = T b + ~bt + A* exp (i tot) - B~ (6) 

Tfs = T b + ~bt + A*sexp(i tot) - Bfs  (7) 

T~ = T b + ~bt + A*exp(i cot) - B r (8) 

and 

Tfr = T b + q~t + A*exp(i o t )  - Bfr (9) 

where the B's are the constant temperature lags and the A *'s are complexes expressing 
the amplitudes and phase shifts. Only the real parts in these terms have physical 
meanings, and both the real and imaginary parts of the complex amplitudes, A * s, are 
related to the amplitude and the phase shift. 

3. Analytical solution on dynamic steady state 

Substituting Eqs. (5), (6), (7), (8) and (9) into the starting Eqs. (1), (2), (3) and (4), and 
comparing the coefficients, we have the following simultaneous equations. 

For the non-oscillating terms 

q~Cf~ = K(2Bfs -- B~) (10) 

q~C~ = K (B~ - -  Bfs ) + k(B~ --  dpt) + h(B~ - B~) (11) 

~)Cfr ~--- K(2Bfr -- Br) (12) 

and 

dpC r = K ( B  r - -  Bfr ) + k ( B  r - ( b t )  + h ( B  r - -  Bs) 

because T O = T b. 

(13) 
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For the real parts of the oscillating terms 

- -  ( D C f s A f s  i = K ( A f  + As~ - 2Afs~) 

-~oC~A~i = K(Afs r -- Asr ) - kAsr + h(A~ - As~) 

- -  o . ) C f r A f r  i = K(Af  + A~ - 2Afar) 

and 

- -  ¢OCr h r i  = K ( A f r  r - -  A~,) - kAr, + h(A~r - A~) 

43 

(14) 

(15) 

(16) 

(17) 

where the last subscripts of the amplitudes, r and i, indicate the real and the imaginary 
parts of the amplitudes, respectively. 

For the imaginary parts of oscillating terms 

( D C f s A f s  r = K ( A s i  - 2 A f s i )  ( 1 8 )  

ogC~As~ = K(Af~ i - Asl ) -- kAsi + h(Ari - Asi ) (19) 

( D C f r A f r  r = K ( A r i  - 2 A f r i )  (20) 

and 

¢oCrAr~ = K ( A f r  i - -  Ar i  ) - kAri + h ( A s i -  Ari ) (21) 

For conventional hf-DSC, the oscillating terms are equal to zero, and only Eqs. (10), 
(11), (12) and (13) hold. Because (B s - Br) is the temperature difference in the steady 
state, it is the base line measured by conventional hf-DSC, and we have 

Bs - S r = dp(C~ - Cr)/(K/2 + k + 2h) (22) 

on assumption that the apparatus is made symmetrically and Cfs = Cfr. It is worth 
noting that Vold [8] derived an equation equivalent to this but with some correction 
terms due to assymmetry of the apparatus. (Note that K/2 is equal to the heat transfer 
coefficient between the heat source and the sample or the reference material.) This is the 
very basis for the principle of heat capacity measurements by conventional hf-DSC. It 
should also be noted that the heat capacities of the heat paths have no effect on the heat 
capacity measurement by this method. 

By combining Eqs. (14) and (15) we have 

-- co(2CsAsi + C f s A f s i )  ~-- K(Af  -- A~r ) - 2kAsr + 2h(Arr - A~,) (23) 

Similarly, from Eqs. (16) and (17) 

-- og(2CrA~i + C f r A f r i )  ~-- K(Af -- Ar~ ) - 2kArr + 2h(Asr - A~r) (24) 

By combining Eqs. (18) and (19), we get 

-o9(2C~A~ + CfsAfs r )  = KAsi + 2 k A s i -  2h(A~i- A~i ) (25) 

By the same procedure from Eqs. (20) and (21) 

-- ¢0(2 CrArr + C f r A f r r )  = KAri + 2kAri - 2h(Asi-  Ari  ) (26) 
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General analytical solutions for the above simultaneous equations of the oscillating 
terms cannot be obtained. To obtain them, the direct mutual heat exchange between 
the sample and the reference material and the heat capacities of the heat paths must be 
neglected, namely 

and 

h = 0  

Cfs = Cfr = 0 

Thus we have the following solutions 

(K/2)(K/2 + k)Af 
Asr = 0)2 C ff + (K/2 + k) 2 

(k/2)(K/2 + k)Af 
Arr = 0)2 C2r + (K/2 + k) 2 

(K/2)0)C~Ar 
Asi = 2 2 0) C s + (K/2 + k) 2 

and 

(27) 

(28) 

(29) 

C~ = As~(K/2 + k)/0)Asr 

Asi ar i  0)(Cs - Cr) 
hsr arr  - ( g / 2  + k) (33) 

In the latter three equations, Eqs. (32), (32') and (33), the A~/Ai terms are the tangents of 
the phase shift angle from the heat source. 

These four equations cannot be directly applied to the output of the commercial d-DSC, 
because the temperature difference between the sample and the reference material, not 
between the sample and the heat source, is measured. The amplitude, Ad, and the 
tangent of the phase difference, tan 6, recorded in the commercial d-DSC are as follows 

A 2 = A2r + A2i = (Asr -- Arr) 2 + (A~i -- Ari) 2 (34) 

tan6 -- (As~ - A:~)/(As: -- Arr ) (35) 

(32') 

and 

or  

(K/2)0) C r A  f 
A f t =  2 2 (30) 0) C r + (K/2 + k) 2 

For  the heat capacity measurement, a few relations can be derived from the above 
solutions, as follows 

C~ = {K/2(K/2 + k) Af - (K/2 + k): Asr } 0)2 As r (31) 

AJAsr  = - 0)CJ(K/2 + k) (32) 
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It should be noted that though the dynamic steady state dealt with in this report is 
a completely reversible process, the out-of-phase component exists in the response. 
Therefore the out-of-phase response does not directly correspond to a non-reversible 
process or to a non-equilibrium process. 

Taking into account the complexity of Eqs. (27), (28), (29) and (30), Eqs. (34) and (35) 
are very complicated and inappropriate for heat capacity measurement, as they are. In 
the papers by Wunderlich and his coworkers [5, 6], similar but simple relations for the 
temperature difference are derived as follows, neglecting the heat transfer coefficient to 
the environment (k), the mutual heat exchange (h) and the heat capacities of the heat 
paths (Crs and Crr ), together with further approximation 

C, = KAdr/(2o~A~r ) (36) 

Therefore, the applicability of the d-DSC, in which the temperature difference between 
the sample and the reference material is measured, is not clear, and it will be discussed 
later in this report by numerical solution of the above simultaneous equations. 

Thus, Eqs. (31), (32) and (32') are simple and useful. Instead of measuring and using 
the temperature difference between the sample and the reference material, the tempera- 
tures of the sample and the heat source should be measured and compared with each 
other to estimate the necessary quantities to use these relations. 

By comparing Eq. (22) with Eqs. (31), (32), (33) and (36) a unique feature of d-DSC is 
made clear: the heating rate, ~b is contained in Eq. (22), but in the latter equations the 
frequency is involved. Thus high sensitivity is achieved by high frequency in d-DSC 
without sacrifice of the temperature resolution, although high sensitivity is achieved by 
high heating rate in conventional DSC with sacrifice of the temperature resolution [9]. 

4. Numerical solution of simultaneous equations 

As clearly shown above, the effects of the mutual heat exchange and the heat capacity 
of the heat path should be taken into account in examining heat capacity measurement 
by d-DSC. For this purpose, a matrix method (see Appendix) has been applied to 
obtain numerical solutions. 

In the above starting equations, for simplicity, the sample and reference material are 
related to the heat path without the heat capacity. Even so, the analytical solution 
cannot be obtained. For the matrix method, there is no such restriction, so that 
modification was introduced to the simple starting equations, Eqs. (1)-(4). The modifi- 
cation was made by considering heat capacity in the path for the mutual heat exchange. 
This path was divided into four parts of thermal resistance, and the heat capacity of the 
path was divided into three and attached to the three connections of these four 
resistances, as shown in Fig. 2 and the equations in the Appendix. 

Two models of DSC apparatus were examined by this method. One is an apparatus 
with the direct mutual heat exchange (Model A) and the model is equivalent to the 
circuit in Fig. 1 with addition of the circuit in Fig. 2. The other is an apparatus without 
the mutual heat exchange (Model B), which is equivalent to the circuit in Fig. 1. The 
parameters of the apparatus, such as K, k, Cfs, etc, are determined for both by 
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-[- C h ~  I/~/~v 

Fig. 2. Equivalent circuit of mutual heat exchange between sample and reference material for numerical 
solution by the matrix method. 

es t imat ing  them from the design and the mater ia l s  of  the ac tua l  commerc ia l  appa ra tus ,  
and  they are  t abu la t ed  in Tab le  1. 

The  ope ra t ing  condi t ions  are  also given in Table  1. The  m o d u l a t i n g  amp l i t ude  and  
the hea t ing  ra te  are  bo th  somewha t  la rger  than  usual,  but  they have litt le effect on the 
results,  for the fol lowing reasons.  The  process  is l inear,  therefore  the ampl i tudes  of  the 
thermal  responsesare  p r o p o r t i o n a l  to the m o d u l a t i n g  ampl i tude ,  and  the heat  capac i ty  
is a ssumed  cons tant ,  so tha t  its t empera tu re  change  is zero and  independen t  on the 
hea t ing  rate.  

The  result  of  these numer ica l  so lu t ions  are  shown in Table  2, where  the ampl i tudes  
and  the base  lines are  t abu la t ed  for four  cases of  the sample  hea t  capaci ty .  These are  
used for es t imat ing  er rors  in hea t  capac i ty  measu remen t  me thods  by  d -DSC.  

In ac tua l  hea t  capac i ty  measurements ,  the coefficients, K/2 a n d / o r  (K/2 + k), charac-  
terist ics for the appa ra tu s ,  are  first e s t imated  as a funct ion of  the t empe ra tu r e  by  using 

Table 1 
Parameters for numerical solution 
(1) Apparatus 

Model A Model B 

K/mWK 1 73.6 73.6 
k/mW K- 1 0.348 0.348 
h/mW K - 1 36.8 0 
CfJmJ K- 1 6.61 6.61 
Cfr/mJ K- 1 6.61 6.61 
Chl/mJ K- 1 5.81 0 
Ch2/mJ K 1 6.61 0 
Cha/mJ K - 1 5.81 0 

(2) Operation 

Amplitude 4 K 
Period 60 s 
Angular frequency 0.1047 s- 
(Frequency 0.01667 Hz) 
Heating rate 5 K min - 1 
Cr (empty pan) 24.21 mJ K - 1 
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Table  2 

Results of  complex  ampl i tudes  and  t e m p e r a t u r e  lags by the mat r ix  m e t h o d  

47 

C J m J  K - ~ A~/K A~i/K A~,/K A,~/K BJmK BJmK 

Model  A 

20 3.96 - 0.29 3.97 - 0.24 58.3 47.1 

50 3.94 - 0.42 3.96 - 0.28 83.6 55.5 

70 3.92 - 0.50 3.95 - 0.30 100.4 61.1 

100 3.89 - 0.62 3.94 - 0.34 125.7 69.5 

Model  B 

20 3.96 - 0.27 3.96 - 0.16 53.3 30.9 

50 3.93 - 0.43 3.96 - O. 16 86.9 30.9 

70 3.91 - 0 . 5 4  3.96 - 0 . 1 6  109.4 30.9 

100 3.86 - 0 . 7 0  3.96 - 0 . 1 6  143.0 30.9 

standard material, such as synthetic sapphire, and then the heat capacity of the sample 
is estimated by using the coefficients and the measured amplitudes and/or the tangent 
for the sample by using Eq. (33) or Eq. (36). This procedure was followed using the 
obtained results in Table 2, and errors in the heat capacity calculated are listed in 
Table 3. Because the temperature is uniform within the sample cell, the only ther- 
mophysical property that has an influence on the temperature oscillations is the heat 
capacity. Therefore, the results of different sample heat capacity are shown in these 
tables. 

As seen in Table 2, the sample temperature oscillates independently of the reference 
material temperature for model B, while the interference is clearly shown between these 
two temperatures for model A. This is the effect of the mutual heat exchange. However, 
the errors in Table 3, which are systematic errors or deviations from the true values due 
to the apparatus and the equation used, are less for model A than for model B when 
Eq. (36) is used. The approximation included in Eq. (36) may compensate the effect of 
the mutual heat exchange. 

The accuracy shown in Table 3 is fairly high, and for the case of using Eq. (33) (or 
Eq.(32') and the apparatus without the mutual heat exchange, the accuracy is 
satisfactorily high. For the method using Eq. (22) and the base line with a conventional 
hf-DSC, accuracy is extremely good without error in this calculation, because the heat 
flow to the environment and the mutual heat exchange are taken into account in 
Eq. (22) and numerical solutions are obtained from the same model equations. How- 
ever, in actual measurements, thermal disturbance from the outside might cause some 
error (low precision or low reproducibility) in the base line of the conventional DSC, 
while in d-DSC this disturbance cannot cause errors, because only the response of the 
same frequency as the modulating oscillation is analysed for the measurements. To take 
advantage of this, it is necessary to use a sample and standard material of equal heat 
capacity for both types of apparatus. For all methods and apparatus, constancy of K, 
k and h is important, and good thermal contact between the sample cell bottom and the 
cell holder is essential in the practical procedure in order to achieve high precision, i.e., 
high reproducibility [10]. 
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Table 3 

Results of error percentage in heat capacity measurements by the matrix method 

Cs(sample)/mJ K - 1 C s (standard)/mJ K - 

20 50 70 100 

(1) Eq.  (36) 

Model A 

20 0 .000 0.24 0.46 0.87 

50 - 0.24 0 .000 0.21 0.62 

70 - 0.46 - 0.22 0 .000 0.41 

100 - 0 . 8 7  - 0 . 6 2  - 0 . 4 1  0 .000 

Model B 

20 0 .000 0.36 0.70 1.36 

50 - 0.36 0 .000 0.34 0.99 

70 - 0 . 7 0  - 0 . 3 4  0 .000 0.65 

100 - 1.34 - 0 . 9 8  - 0 . 6 5  0 .000 

(2) Eq.  (33) by present authors 
Model A 

20 0 .000 - 0.26 - 0.46 - 0.82 

50 0.26 0 .000 - 0 . 2 1  - 0 . 5 7  

70 0.47 0.21 0 .000 - 0.36 

100 0.83 0.57 0.36 0 .000 

Model B 

20 0 .000 - 0.01 - 0.02 - 0.03 

50 0.01 0 .000 - 0 . 0 1  - 0 . 0 2  

70 0.02 0.01 0 .000 - 0.01 

100 0.03 0.02 0.01 0 .000 

5. Improvement of d-DSC apparatus 

As clearly seen above, unfavorable factors exist in the present apparatus, such as the 
mutual heat exchange and the heat loss to the environment, and these unfavorable 
factors can be made negligible in designing a new apparatus. Specifically, the sample 
cell holder should be connected with the reference material cell holder through 
the common heat source, and the thermocouples to measure the temperatures of the 
sample and the reference material should be connected to the amplifier through the 
heat source with enough thermal contact with it. Furthermore, temperature oscillation 
with modulated light may be one possible way to minimize the effect of the heat 
capacities of the heat paths. However, the theory for this type ofd-DSC is different from 
the present theoretical considerations, because the starting equations are different [ 11]. 

As seen above, the output signal should also be re-examined. The fundamental and 
essential signals to be recorded are the temperatures of the sample and the heat source, 
not the temperature difference between the sample and the reference material. Further- 
more, the role of the reference material in d-DSC is less important than in conventional 
DSC. In the original DSC, the temperature difference was recorded with a strip chart 
recorder, but nowadays the temperatures can be recorded with a computer and 
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necessary quantities can be calculated. Therefore the above-mentioned improvement 
can easily be done. 

6. Concluding remarks 

From the above theoretical considerations, the following points have been made 
clear. 

(1) The mutual heat exchange between the sample and the reference material and the 
heat capacities of the heat paths have influence on the temperature oscillation of the 
sample and the reference material. 

(2) The heat flow to the environment complicates the relations used in the heat 
capacity measurements, because K/2 and (K/2 + k) are both involved in the equation, 
provided that the temperature difference between the sample and the reference material 
is measured. However, this heat flow and the above mutual heat exchange do not have 
such an undesirable effect on heat capacity measurement by conventional DSC. 

(3) For heat capacity measurement, the apparatus without direct mutual heat 
exchange is preferable for high accuracy (deviation from the true value), and it is 
desirable to decrease the heat flow to the environment. The temperature difference, not 
between the sample and the reference material, but between the sample and the heat 
source should be recorded, and for this temperature difference a much simpler relation 
can be derived which is much more useful for heat capacity measurements. Thus the 
role of the reference material is only to detect unfavourable thermal disturbance to the 
measurements in d-DSC. 

(4) A specimen of the same heat capacity as that of the standard material seems 
desirable, because reproducible oscillation would be observed, even if the above- 
mentioned apparatus is used. However, the situation is still very complicated and thus 
there is no clear advantage of d-DSC over conventional DSC as far as heat capacity 
measurements and accuracy are concerned, while improvement in the precision 
(reproducibility) may be expected for d-DSC by filtering only the oscillating response of 
the definite modulating frequency. 

(5) In accordance with our research strategy [4], we are carrying out research on 
DSC curves for temperature-dependent heat capacities and transitions by simulation, 
and the results will be submitted to the journal in the near future. 

Appendix A. Matrix method 

Fundamental equations similar to Eqs. (1)-(4) can be expressed for the modified 
model as follows 

Cfsd Tfjdt  = K(Tf - Tfs ) + K(T s - Tfs ) 

C~dTJdt = K(Tfs -  T~) + k(T o - ~) + 4 h(Tht - ~) 

Ch~ d Thx/dt = 4h(T~ - Thl ) + 4h(Th2 - Thl ) 

Ch2d ThE~dr = 4h(Th~ - ThE ) + 4h(Th3 - Th2 ) 

tA1) 

(A2) 

(A3) 

(A4) 
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Chsd Th3/dt = 4h(Th2 - Ths ) + 4h(T~ - Th3 ) (A5) 

C,d Tr/dt = K(Te~-  T~) + k (T  o - T~) + 4h(th3 -- Tr) (A6) 

CfrdTfr/dt  = K(Tf - Tfr ) q-- K(T r - Tfr ) (A7) 

where the subscripts h l, h2 and h3 denote the divided heat capacities and the 
temperatures of the mutual heat exchange path from the sample side to the reference 
material side, respectively. The heat of sample transformation is eliminated, because the 
dynamic steady state is dealt with. These equations are rewritten as follows 

C d T / d t  = K T + F +  T O (h8) 

where 

'Cfs 
C~ 

C h l  

C ~ , 

0 

k K T f J  

% ) 

T = q  Th2 

Th3 

~ Tf~ 

t o ;  

7"0 

Ch2 
Ch3 

Cr 

Cfr, 

(A9) 

(AI0) 

(A 11) 

(A12) 



T. Ozawa, K. Kanari/Thermochirnica Acta 288 (1996) 39-51 51 

and 

K =  

' - 2 K ,  K, 0, 0, 0, 0, 
K, - ( K + 4 h + k ) ,  4h 0, 0, 0, 
0, 4h, - 8 h ,  4h, 0, 0, 
0, 0, 4h, - 8 h ,  4h, 0, 
0, 0, 0, 4h, - 8 h ,  4h, 
0, 0, 0, 0, 4h, - ( 2 K  +4h+k) ,  
0, 0, 0, 0, 0, K, 

0 
0 
0 
0 
0 
K 

- 2 K  

(A13) 

The heat source temperature is given as Eq. (5). Therefore, the complex amplitudes are 
given by the next matrix equation 

K 

O~ Cfs 

~oC s 0 
o~Ch~ 

(/) Ch2 
~OChs 

0 ~oC~ 
Oa Cf~ 

K 

- -  o) Cfs 

-oJC~ 

-- (DCh 1 
- ~o Ch2 

-~oCh3 
0 -~oC~ 

- -  oa Cf~ 

0 

JArs 

Asr 

Ahlr  

ah2r 

ah3r 
Arr 
Af~ 

mfs i I } = 

Asi I 

Ahli] 

Ah2i I 
Ah3i 

Ari / 

,Afri I 

KAf 
0 

0 

0 

0 

0 

KAf 
0 

0 

0 

0 

0 

0 

0 

I (A14) 

This equation was solved numerically with a computer using the parameters in Table 1, 
and the results are shown in Tables 2 and 3. 
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